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Junctions of cores with different material properties in sandwich beams are considered. Substantial local effects
arise in the vicinity of the junction when the panel is subjected to a vertical load. These effects, which can not be
described in the frames of the classical sandwich theory, manifest themselves in a development of bending normal
stresses in sandwich faces, as well as in a rise of the transverse normal stress and variation of the shear stress in
the adjacent cores. High-order modeling applied to a beam in the three-point bending revealed a significant scale
of the stresses locally induced at the core junctions in the sandwich beam compared to the expected level of global
stresses. The followed experimental investigation of a representative sandwich beam fully confirmed the findings
of the analytical modeling.

I. Introduction

P RACTICAL functionality of sandwich structures always re-
quires usage of cores of various densities and mechanical prop-

erties in the same sandwich structural element. Various inserts in the
form of backing plates, fully and partly potted inserts, edge stiffen-
ers, etc., are also typical substructures1,2 used in sandwiches. This
may have a purpose to optimize the weight/cost of the sandwich
structure or locally reinforce it for further rigging, joining facilities.
Discrepancy of the mechanical properties at the junctions of ad-
joined materials in the sandwich core usually causes an inducement
of local stresses at the material discontinuities under the applied
loads. This may lead to a local failure of the bordering materials
at the junction and in the end jeopardize the integrity of the whole
sandwich structure.

A classic first-order sandwich theory2,3 is not able to describe lo-
cal effects in sandwich structures, and therefore, higher-order the-
ories must be employed. Frostig and Baruch4 and Frostig et al.5

have developed such models, which take into account through-the-
thickness normal stress in the sandwich core and allow dissimilar
deflections of the faces. Effects of the concentrated loads and sup-
ports were successfully described with the help of this high-order
theory approach,5 which with certainty allows recounting for the
local stress concentrations due to the presence of junctions of vari-
ous cores in sandwich beams.

A closed-form analytical model6 for sandwich beams with junc-
tions of different cores has shown that rather strong singularities of
the stresses may arise in the face sheets of the sandwich panel when
subjected to a transverse out-of-plane loading. The followed exper-
imental study of the local effects in the faces7 has largely confirmed
the results of the analytical modeling. The model6 has also indi-
cated rather strong stresses in the cores connected at the junction,
although the accuracy of prediction of core stresses was rather low.
On the whole, the nature of the local effects at the junctions of var-
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ious cores in sandwich beams/panels is not understood completely,
and a further study is needed.

The paper deals with the high-order modeling of the local stress
concentrations at core junctions in sandwich beams under transverse
loading. High-order modeling is a strong numerical tool, which al-
lows studies of various geometries, along with gradual changes or
inclined junctions, and material constitutions, linear and non-linear,
of the sandwich beams/panels under small and large displacements.
This will provide a full picture of the stress concentrations in the
vicinity of the cores junctions and shed light on the failure mech-
anisms in these kinds of structures. A validation of the developed
theory via experimental investigation of some representative sand-
wich beams subjected to three-point bending is also a subject of the
paper.

Governing Equations
The nonlinear formulation consists of the derivation of the gov-

erning field equations. They are derived through the minimization of
the total energy that consists of the internal energy and the external
work. It reads as ∫ t2

t1

δ(U + V ) dt = 0 (1)

where U and V are the internal and the external potential energy,
respectively, and δ is the variation operator.

The first variation of the internal potential energy in terms of
stresses and strains reads as

δU =
∫

Vt

(σxxtδεxxt ) dv +
∫

Vb

(σxxbδεxxb) dv

+
∫

Vc

(τxzcδγxzc + σzzcδεzzc) dv (2)

where σxx j and εxx j , j = t, b, are the longitudinal normal stresses
and strains in the upper and the lower face sheet, respectively; τxzc

and γxzc are the vertical shear stresses and shear strains in the core;
σzzc and εzzc are the vertical normal stresses and strains in the vertical
direction of the core; bw and c are the width and the height of the
core, respectively; w j , j = t, b, are the vertical displacement of the
upper and the lower face sheets, respectively (Fig 1a); and L is the
span of the panel.
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a)

b) c)

Fig. 1 Sandwich panel layout: a) geometry, b) external loads, and c) internal stress resultants.

The variation of the external work equals

δV = −
∫ L

0

[
nxtδuot + nxbδuob + qztδwt + qzbδwb + mtδwt,x

+ mbδwb,x +
Nc∑

i = 0

(Nitδuot + Pibδuob + Pitδwt + Pibδwb

+ Mitδwt,x + Mibδwb,x )δD(x − xci )

]
dx (3)

where uoj , and w j , j = t, b, are the displacements in the longitu-
dinal and vertical directions, respectively, of the mid-plane of the
face sheets; nx j and qzj , j = t, b, are the in-plane external loads in
the longitudinal direction and the vertical distributed loads exerted
on the upper and lower face sheets, respectively; m j , j = t, b, are
the distributed bending moments at the various face sheets; N ji , Pji ,
and M ji , j = t, b, are the external concentrated longitudinal and ver-
tical load and bending moment, respectively, exerted at the upper
and the lower face sheet at location x = xci ; δD(x − xci ) is the delta
of Dirac; Nc is the number of location with concentrated loads; and
w j,x , j = t, b, is the slope of the vertical displacement of the up-
per and lower face sheet, respectively. Sign convention for stresses,
displacements, and loads appear in Fig. 1.

The kinematic relations with moderate displacements take the
following form: For the face sheets, j = t, b,

εxx j = εxxoj + z jχxx j (4)

where the midplane in-plane strains and curvatures are

εxxoj = uoj,x + w2
j,x

/
2, χxx j = −w j,xx (5)

where εxxo, and χxx j , j = t, b, are the in-plane strains in the longi-
tudinal direction of the midplane and the curvature of the upper and
the lower face sheets, respectively; z j is the vertical coordinate of
each face sheet that is measured downward from the midplane of
each face sheet (Fig. 1b); and ( ),x denotes a derivative with respect
to x .

For the core,

γc = uc,z + wc,x , εzz = wc,z (6)

where uc(x, , zc) and wc(x, zc) are the longitudinal and vertical
deflections of the core, respectively, and zc is the vertical coordinate
of the core, measured downward from the upper interface (Fig. 2b).

a) b) c)

Fig. 2 Sandwich beam, dimensions in millimeters, a) with 3-layer lam-
inate faces and two different core materials, b) zoom on the core junction,
and c) central diaphragm.

The compatibility conditions at the upper and the lower face–core
interface, j = t, b, are

uc(x, Zcj ) = uoj + 1
2 (−1)kd jw j,x , wc(x, zcj ) = w j (7)

where k = 0 when j = t and k = 1 when j = b; zct = 0 at the upper
interface and zcb = c at the lower interface (Fig. 1b); d j , j = t, b, are
the thickness of the upper and lower face sheets, and c is the height
of the core after deformation (Fig. 1a).

The constitutive relations for each the laminated composite ma-
terials face sheets, j = t, b, are

Nxx j (x) = A11 j εxxoj + B11 j χxx j (8)

Mxx j (x) = B11 j εxxoj + D11 j χxx j (9)

where the strains and the curvatures are defined in Eq. (5) and A11 j ,
B11 j , and D11 j are the reduced stiffness coefficients of the laminated
face sheets.

The governing equations are derived through substitution of the
kinematic relations [Eqs. (4–6)] into the potential energy variation
[see Eq. (2)] using the stress resultants in the face sheets (Fig. 1), the
compatibility conditions and equilibrium requirements between the
core and the face sheets at their interfaces [see Eq. (7)] along with
constitutive relations for the face sheets [see Eqs. (8) and (9)], and
an isotropic core. Hence, in their first order description, they are

d

dx
Nxxt (x) = −nxt − bwτ(x) (10)

d

dx
uot (x) = −1

2
Dwt (x)2 − 1

2

2Mxxt (x)B11t − 2D11t Nxxt (x)

−B2
11t

+ D11t A11t

(11)
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d

dx
Vxzt (x) = −bw Ezcwb(x)

c
+ bw Ezcwt (x)

c

− 1

2
Ezc D[τ(x)] bwc − qzt (12)

d

dx
Mxxt (x) = −1

2
bwdtτ(x) + mt (x) − Nxxt (x)Dwt (x) + Vxzt (x)

(13)

d

dx
wt (x) = Dwt (x) (14)

d

dx
Dwt (x) = − Mxxt (x)A11t − Nxxt (x)B11t

−B2
11t

+ D11t A11t

(15)

d

dx
Nxxb(x) = −nxb + bwτ(x) (16)

d

dx
uob(x) = −1

2
Dwb(x)2 − 1

2

2Mxxt (x)B11b − 2D11b Nxxt (x)

−B2
11b

+ D11b A11b

(17)

d

dx
Vxzb(x) = bw Ezcwb(x)

c
− bw Ezcwt (x)

c

− 1

2
Ezc D[τ(x)]bwc − qzb (18)

d

dx
Mxxb(x) = −Nxxb(x)Dwb(x) − 1

2
bwdbτ(x)

+ mb(x) + Vxzb(x) (19)

d

dx
wb(x) = Dwb(x) (20)

d

dx
Dwb(x) = − Mxxt (x)A11b − Nxxt (x)B11b

−B2
11b

+ D11b A11b

(21)

d

dx
τ(x) = Ezc D[τ(x)] (22)

d[D(τ (x)]

dx
=

(
−6dt

c3
− 6

c2

)
Dwt (x) +

(
− 6

c2
− 6db

c3

)
Dwb(x)

+ 12uot (x)

c3
− 12uob(x)

c3
+ 12τ(x)

c2Gxzc
(23)

where Nxx j and Mxx j , j = t, b, are the in-plane and bending moment
stress resultants of each face sheet; Vxzj , j = t, b, are the shear stress
resultants in the upper and lower face sheets; τ(x) is the shear stress
in the core; w j and uoj , j = t, b, are the vertical and horizontal
midplane in-plane displacements of the face sheets; Ezc and Gxzc

are the vertical modulus of elasticity and the shear modulus of the
core; d j , j = t, b, are the thickness of the upper and lower face
sheets; and x is the longitudinal coordinate of the sandwich panel.
See Fig. 1 for the adopted sign conventions and coordinates.

Note that the slope of the shear stress [see Eq. (22)] has been
scaled with modulus of elasticity of the core, Ezc, to achieve an
efficient numerical scheme.

The stress and displacement fields of the core are
τ(x, zc) = τ(x) (24)

σzz(x, zc) =
(

c

2
− zc

)
Ezc D(τ )(x) + [wb(x) − wt (x)]Ezc

c
(25)

wc(x, zc) =
(

1

2
czc − 1

2
z2

c

)
D(τ )(x) +

(
1 − zc

c

)
wt (x) + zcwb(x)

c

(26)

uc(x, zc) = zcτ(x)

Gxzc
+ uot (x) +

(
−zc + 1

2

z2
c

c
− 1

2
dt

)
Dwt (x)

− 1

2

z2
c Dwb(x)

c
+

(
−1

4
cz3

c + 1

6
zc

)
d

dx
D(τ )(x) (27)

where τ(x, zc) and σzz(x, zc) are the core shear and the transverse
normal stresses wc(x, zc) and uc(x, zc) are the vertical and in-plane
displacements of the core, respectively, and, finally, zc is the verti-
cal coordinate of the core measured from the upper face–core in-
terface. See Fig. 1 for sign conventions. The complete derivation of
Eqs. (10–28) may be found by Frostig and Baruch in Ref. 8.

The continuity conditions between the various regions, at x = xk ,
follow.

For each of the face sheets, j = t, b,

u(−)

oj = u(+)

oj , w
(−)

j = w
(+)

j , w
(−)

j,x = w
(+)

j,x (28)

N (−)

xx j − N (+)

xx j − N̄i = 0, −M (−)

xx j + M (+)

xx j − M̄i = 0

V (−)

xz j − V (+)

xz j − P̄i = 0 (29)

where (−) and (+) refer to left and right of joint, respectively.
For the core,

τ (−) − τ (+) = 0, wc

(
x (−)

k , zc

) = wc

(
x (+)

k , zc

)
(30)

Please notice that the displacement conditions in the core [Eqs. (30)]
require full compatibility through the depth of the core at the joint.
It is equivalent [see Eq. (26)] to the following requirement imposed
on the slope of the shear stresses in the core as follows:

D
(
τ (−)

)
(xk) = D

(
τ (+)

)
(xk) (31)

The experimental study is presented next.

II. Experimental Study
The experimental study concerned a sandwich beam shown

schematically in Fig. 2. The beam consists of composite laminated
faces with a symmetrical layup of 0/90/0 deg (Fig. 2a). The face lam-
inates are made of carbon fiber prepregs (SP Systems9) and have
been manufactured by means of a manual layout with a subsequent
vacuum bagging at the prescribed temperature and pressure.10 The
tensile stiffness of the composite laminate has been measured exper-
imentally by means of modal analysis11 and standard tensile test.12

In the first case, the first three eigenfrequencies of the cantilever
beam (cut from the face laminate) were excited and measured, and
the integral modulus of elasticity of the composite has been cal-
culated as an average of these measurements. In the second case,
the standard routine of recording the load vs deformation has been
carried out, and subsequent calculation of the modulus of elasticity
as a slope of this dependence yields the equivalent modulus of elas-
ticity of the face. Both methods yield the same equivalent modulus
of elasticity for the beam face, equal to 83.3 GPa with an error that
did not exceed 4%. The mechanical properties of a single lamina
appear in Table 1 according to Ref. 10. Two types of core materials
are used in the investigated beams: a compliant core H-60 and a stiff
one H-200 (DIAB Group13) with the respective densities of 60 and
200 kg/m3. Their mechanical characteristics are indicated in Table 1.
The stiff core constituted the ends of the specimens and the compli-
ant core their central part. A zoom on the core junction is presented

Table 1 Elastic properties of the beam constituents

Faces: carbon Compliant core: Stiff core:
Property fiber laminate PVC foam H60 PVC foam H200

Modulus of 83,300 60 310
elasticity, MPa

Shear modulus, —— 22 90
MPa

Yield strength, 1190a

MPa 2840b 0.8c 4.5c

12d 1.4 e 4.8e

Shear yield —— 0.7 3.3
strength, MPa

aCompression along the fiber. bTension along the fiber. cCompression. dAcross
fiber. eTension.
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Fig. 3 Experimental setup for three-point bending of sandwich beam.
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Fig. 4 Central load vs central displacement dependence for beams
loaded in three-point bending.

in Fig. 2b. All of the components of the panel are joined using an
epoxy resin, Araldite® 2022 (Huntsman Advanced Materials).

Three beam specimens were manufactured: two for ultimate load-
ing up to the failure and one for the study of the static deformation
behavior. For the latter purpose, the third beam had a strain gauge
chain located on the face across the core junction, as shown in zoom
in Fig. 3, and a single strain gauge positioned 15 mm to the left from
the junction.

A three-point bending scheme14 as shown in Fig. 2 has been cho-
sen for an experimental investigation of the sandwich beams with
junctions. To avoid localized effects in the center of the specimens,
a rigid diaphragm has been included. The diaphragm with the thick-
ness of 4 mm (Fig. 2c) has been manufactured in a separate step mold
from the same adhesive that has been used for gluing the sandwich
components and, subsequently, has been glued into the a rectangular
groove machined in the center of the beam core before attaching the
second face.

The testing rig is built on the basis of a servohydraulic machine,15

SCHENK Hydropuls® PSB, and includes a computerized data ac-
quisition (Fig. 3). The testing rig operated in a displacement control
mode with the accuracy of the appropriate load measurement of
better than 0.2%.

Beams 1 and 2 have been tested up to failure. Load vs central
displacement dependences of these beams are linear up to 1.5 kN
and are shown in Fig. 4. The maximum critical loads for the beams
1 and 2 are 2.06 and 2.31 kN, respectively. The third beam has been
loaded only in the linear region, and its load–displacement curve in

Fig. 5 Distributions of strains in sandwich faces.

this range is similar to those of the beams that have been tested up to
failure. Notice a good coincidence between the analytical high-order
modeling and experimentally recorded data in Fig. 4.

Figure 5 shows strain distributions in the faces of the sandwich
beam for the central load of 1.5 kN. They are calculated numerically
along at the outer fibers of each face of the beam, that is, outer
surfaces and face–core interfaces. The upper face is generally in
compression, whereas the lower one is in tension. (Notice that in
Fig. 5 and as well be show subsequently the distance across the
junction is referred to according to the coordinate system of Fig. 2.)
The strains at the outer surfaces of the faces have been measured, and
these data are also presented in Fig. 5. The heights of the triangles,
which represent the experimental data, correspond to the absolute
error of the strain measurements, which is equal to ±30 × 10−6. As
expected, the strains (and stresses) in the faces of the beam subjected
to the central load increased linearly from zero at the edges of the
beam up to a maximum value in the beam center. If one follows
traditional conviction, then in the vicinity of a junction one should
expect strains of −720 × 10−6 and +720 × 10−6 in the upper and
lower faces, respectively, and these strains should be almost constant
through the thickness of each face. This is not the reality though,
when two different core materials are adjoined in the sandwich core
in the trimaterial corners. First, a local effect will manifests itself
in an additional local bending moment in the beam faces, which
leads to a significant variation of the stresses through-the-thickness
of the face sheets. For this particular beam, the strains at the outer
surfaces of the face sheet plummeted up to zero, as shown both
theoretically and experimentally. At the same time, the face strains
increase almost to twice at the face–core interface, and they have
reached a value of ±1400 × 10−6, which corresponds to stresses of
±180 MPa in the outer layers of the face lamina. Generally such
local stress concentrations may cause a failure of the face sheet,
especially when it is made of anisotropic materials, which exhibit
different strength properties in tension and compression (Table 1).

III. Discussion
Although local effects in the face sheets in the vicinity of the

junctions are very pronounced, most probably it is not in the faces
one should expect a failure of sandwich structure, but in the adjacent
cores. The sandwich cores are the weakest components of the struc-
ture, and therefore, it is of interest to uncover the nature of the local
effects there. Figure 6 shows the distributions of the strains in the
core across the core junction. Here one can see that the shear stress
τc, which is constant through the thickness of the core in the high-
order model, varies longitudinally across the junction: τc achieves a
value of 0.6 MPa in the stiffer core for the average level of 0.5 MPa
through the whole panel and far away of the junction. What is most
important is the rise of the transverse normal stresses σc, which are
usually ignored in a sandwich panel with a homogenous core far
from the vicinity of localized loads and supports. It is important that
a mere existence of the core junction gives a rise to σc, which ex-
actly at the junction attains substantial values of 1.3 and 0.6 MPa in
the stiff H-200 and compliant H-60 cores, respectively. The normal
stresses in the cores vary through-the-thickness of the core. They
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Fig. 6 Stress distributions in core of sandwich beam modeled with
high-order theory.
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Fig. 7 Deflection of beam faces modeled with high-order theory.

are compressive at the upper face–core interface and tensile at the
lower one. Obviously, the principle stress in the compliant core may
easily exceed the yield strength of the core; compare strength char-
acteristics of H-60 with the data from Fig. 6. Then a failure of the
compliant core may happen due to compression (at upper interface)
or tension (at lower interface) in the trilateral corners of the junc-
tions. To be exact, here high levels of the locally induced normal
stresses are quite dangerous because a possible failure of the core
may accompanied by the delamination of the face and core, which
may develop into a collapse of the whole structure.

Findings of Fig. 6 are substantiated by results presented in Fig. 7,
where deflections of the upper and lower faces of the sandwich beam
are calculated. Note the bend of the face sheets precisely at the core
junction. This is an unambiguous sign of the drastic change of the
shear deformation from one type of core to another, and this is a
clear evidence of the local effects at the junction. Overall, there is
no substantial difference in the deflections of the faces except at a
zone of the junction, which is shown in the zoom plot in Fig. 7. One
can see that the displacement of the lower face is about 0.02 mm
larger than that of the upper face, and this is a confirmation of a
transverse “opening” of the beam at the core junction.

IV. Conclusions
Sandwich panels with junctions of different core materials loaded

by transverse loads are considered. It is shown, with the help of a
high-order model, that the local effects arise in all sandwich con-
stituents in the vicinity of junctions. The zone with the local effects
extends left and right of the junction, and it is of the order of the
core thickness. The local stress concentrations are observed as addi-
tional bending stresses in the faces, variation of the shear stresses, as

well as an appearance of the normal through-the-thickness stresses
in the adjacent cores. Experimental investigation of the sandwich
beams loaded in the three-point bending confirmed the findings of
the high-order modeling.

The numerical study has revealed that the intensity of the local
effects is proportional to the discrepancy of the elastic properties
of the adjoined cores. Weaker and thinner faces also amplify the
degree of the locally induced stresses. The first fact indicates a
possibility of design optimization of beams with core junctions by
means of smoothing transition zones via inserting, for example,
intermediate patch of the core between the compliant and stiff cores.
The second fact suggests a local reinforcement of the face sheets at
core junctions to suppress their unwanted local bending.

The rise of the normal local stresses in the weakest core at the
trimaterial corners of the junctions is an important parameter of
the stress state of the sandwich panel when subjected to transverse
loading. If this stress reaches the strength limit of the material, it
might trigger the failure of the whole sandwich structure. Therefore,
detailed estimations of the locally induced stresses in all sandwich
components at core junctions should be an obligatory phase in the
design of sandwich beams, panels, and shells.
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